ABSTRACT. In the paper [Sur la premiére dérivée, Trans. Amer. Math. In paper [7] , Z. Z a h o r s k i explains how to construct a semi-continuous real function by utilizing a certain system of closed sets {P λ , λ ≥ 1} where each set P λ is associated with a constant function f λ = 1 λ . Paper [5] modifies Zahorski's idea and associates a certain system of closed sets {P λ , λ ≥ 1} with a certain system of continuous real functions {f λ , λ ≥ 1} resulting in a theorem on approximation of a semi-continuous function by a Darboux semi-continuous function. The present paper explains how to apply this methodology in order to prove a theorem considering approximation of the function of Baire one class by the function of Darboux Baire one class while obtaining richer information than in [2] .
A. B. G u r e v ič [3] and L. M iší k [6] investigated methods how to approximate the function Baire α class, α > 1, by a Darboux function Baire α class. Gurevič claims a simple and a short modification of Mišík's method for the case α = 1. Since his simplification suffers from several errors, A. M. B r u c k n e r , J. G. C e d e r and R. K e s t o n [2] revised Gurevič and Mišík's theorem for the case α = 1.
In paper [7] , Z. Z a h o r s k i explains how to construct a semi-continuous real function by utilizing a certain system of closed sets {P λ , λ ≥ 1} where each set P λ is associated with a constant function f λ = 1 λ . Paper [5] modifies Zahorski's idea and associates a certain system of closed sets {P λ , λ ≥ 1} with a certain system of continuous real functions {f λ , λ ≥ 1} resulting in a theorem on approximation of a semi-continuous function by a Darboux semi-continuous function. The present paper explains how to apply this methodology in order to prove a theorem considering approximation of the function of Baire one class by the function of Darboux Baire one class while obtaining richer information than in [2] .
We deal with the classes of real functions defined on interval [0, 1]. The symbols C, D and B 1 stand for the class of continuous, Darboux and Baire one functions, respectively. DB 1 denotes D ∩ B 1 , C f denotes the set of points of continuity of the function f and f F denotes the restriction of the function f on the set F. We will say that a point x is a bilateral c-point of a set A if and only if the sets (x; x + δ) ∩ A and (x − δ; x) ∩ A have the cardinality of continuum for all δ > 0, that is
We will say that the set A is bilaterally c-dense in the set B (B ⊂ c A) if and only if each point x ∈ B is a bilateral c-point of the set A.
Let the function f : [0, 1] −→ R be from Baire one class, and let {P λ , λ ≥ 1} be the system of closed nowhere dense subsets of [0, 1] such that for all λ 1 < λ 2 , the set P λ 1 ⊂ c P λ 2 . Obviously, the set
is of first category set in [0, 1] . Since the function f ∈ B 1 , then there exists a sequence of continuous functions f n , n = 1, 2, . . . , which converges on [0, 1] to the function f. For each λ ≥ 1, let the closed set P λ be associated with the continuous function
Define a function g such that
Then, the function g satisfies two following lemmas:
Fix k ∈ N. We will show: if J ⊂ [0, 1] is arbitrary interval, then there is an index
there exist an index n J and an open interval J n J ,k ⊂ J such that A n J is dense in J n J ,k . We consider arbitrary y ∈ J n J and arbitrary positive integers m, p > n J . The functions f m and f p are continuous, thus, for ε = 1 4k , there exists a point
It is obvious that each of the sets
Since the set E is a set of first category, the set G \ E is residual in [0, 1] as well. We prove that 
The sequence f m (x) converges to f (x). Thus,
Fix p > n(x 0 ). The continuity of the function f p implies the existence of the neighbourhood O(x 0 ) of the point x 0 such that
holds. In other words, the function f is continuous at the point x 0 ∈ G and
and if x ∈ E, then for concrete positive integer p x > n(x 0 ) and α ∈ [0, 1),
Therefore,
It was shown that for every
holds which implies the continuity of the function g at arbitrary point x 0 ∈ G\E.
Ä ÑÑ 2º The function g is Baire one.
P r o o f. According to [1] , g ∈ B 1 if and only if each nonempty perfect set P ⊂ [0, 1] contains a point x 0 ∈ P such that the function g P is continuous at x 0 . Let P be a nonempty perfect subset of interval [0, 1]. Two cases can be assumed: P ∩ E is the set of first category in the set P or P ∩ E is the set of the second category in the set P.
If P ∩ E is the set of first category in the set P , then it is sufficient to replace interval [0, 1] with the set P in the proof of Lemma 1. As a result, the set of the points of continuity of the function g P forms a residual subset of the set P.
If P ∩E is the set of second category in the set P , then, for a certain n ∈ N, the set P n is not nowhere dense in P. Therefore, there exists an open interval J ⊂ [0, 1] such that the set P n is dense in P ∩ J. Let λ 0 = inf {λ; P λ is dense in P ∩J} . If λ 0 = 1, then g P ∩ J = f 1 P 1 ∩ J is a continuous function. Therefore, the function g P is continuous at each point x 0 ∈ P ∩ J. The presence of λ 0 > 1 implies the existence of the point x 0 ∈ P ∩ J such that x 0 / ∈ P ∩ P λ ∩ J for λ < λ 0 and x 0 ∈ P ∩ P λ ∩ J for λ 0 < λ. Let i be a positive integer, i < λ 0 ≤ i + 1 and ε > 0 be an arbitrary real number, ε < λ 0 − i. Obviously,
The functions f i , f i+1 are continuous, and therefore, there exist a neighbourhood O(x 0 ) ⊂ J of the point x 0 and a constant M such that
for all x ∈ O(x 0 ), and
For arbitrary x ∈ O(x 0 ) ∩ P, the inequality
holds; it implies the continuity of the function g P at the point x 0 .
Ì ÓÖ Ñ 3 ([4])º Each uncountable Borel set contains a nonempty perfect set.
It is easy to show that every perfect set P has the cardinality of continuum, and moreover, each point of a perfect set P, except for a countable set of boundary points of contiguous intervals of the set P, is bilateral c-point of the set P.
Ä ÑÑ 4º Let E be a nonempty Borel set and let E * be a set of all points x ∈ E such that x is a bilateral c-point of the set E. Then, the set E \ E * is countable. It is easy to see that
Apparently,
because in the opposite case, according to Theorem 3, there exists a nonempty perfect subset P of the set ∪ (I ∩ E), I ∈ S. Then, there exists a bilateral c-point x 0 of the set P and an interval I 0 ∈ S such that x 0 ∈ I 0 ∩ P. The set I 0 ∩ P is nonempty perfect, I 0 ∩ P ⊂ I 0 ∩ E, therefore card (I 0 ∩ P ) = card (I 0 ∩ E) = c, which contradicts the definition of S, especially I 0 ∈ S.
Remark 5º
The sets E and E * from Lemma 4 satisfy the following assertions:
x is a bilateral c . If I n = (a n , b n ), n = 1, 2, . . . is the sequence of contiguous intervals of the set F, then for each i = 1, 2, . . . the following:
holds.
According to Theorem 3, there exist nonempty perfect sets
We denote P
. It can be assumed that P n i are nowhere dense perfect sets. It is easy to see that
and, moreover, F ∪ P is closed nowhere dense set,
Ä ÑÑ 7º Let a set F be of type F σ of first category and let a Borel set E be bilaterally c-dense in the set F. Then, there exists an
P r o o f. By Remark 5, we can assume that the set E is bilaterally c-dense in itself. Let
where F n , n = 1, 2, . . . are nowhere dense closed sets, F 1 ⊂ F 2 ⊂ F 3 ⊂ . . . According to Lemma 6, there exists an F σ -set P 1 ⊂ E of first category such that F 1 ⊂ c P 1 . Moreover, the set F 1 ∪ P 1 is closed nowhere dense. Applying the same reason to the set F 2 ∪ P 1 , we show that there exists an F σ -set P 2 ⊂ E of first category such that F 2 ∪ P 1 ⊂ c P 2 . Moreover, the set F 2 ∪ P 1 ∪ P 2 is closed nowhere dense. We continue this procedure and show that there exists a sequence of first category sets P n ⊂ E, n = 1, 2, . . . of type F σ such that F n ⊂ c P n and P n ⊂ c P n+1 . Apparently, the set
P n satisfies assertions from Lemma 7. F n , where
Ì ÓÖ Ñ 8º
. . are closed nowhere dense sets, be a set of points of discontinuity of the function f. Additionally, according to Lemma 7, it can be assumed that the set E is of type F σ of first category bilaterally c-dense in itself, ∞ n=1 F n ⊂ c E. Otherwise, the set E can be replaced with its subset having these properties. Then,
where E n , n = 1, 2, . . . are closed sets. We choose a sequence of positive real numbers ε n , n = 1, 2, . . . , ε n → 0. A sequence of positive numbers δ n → 0 can be assigned to the sequence ε n such that for every x 1 , x 2 ∈ [0, 1],
According to Lemma 2 in [5] , if a Borel set E is bilaterally c-dense in itself and X is a closed subset of E, then there exists a perfect set P such that X ⊂ c P ⊂ E. Following the paper [5] , we define a system of perfect sets
where (E n ∪ P n−1 ) ⊂ c P n , for all n = 2, 3, . . . Clearly, E = ∞ n=1 P n , and since
Consequently, for all i, n, m (where i = 1, 2, . . . ; n = 1, 2, . . . ; 0 < m < 2 n ), a perfect set P i+ m 2 n such that P i ⊂ c P i+
can be found.
Finally, for each real λ ≥ 1, i ≤ λ < i + 1, the closed set P λ is defined as
For such a defined system of closed sets P λ , λ ≥ 1, the following holds:
Let the functions f λ , λ ≥ 1 and g be defined as in the preface of the paper. By Lemma 2, the function g ∈ B 1 and the set x; f (x) = g(x) ⊂ E. We will show that the function g has Darboux property. It is sufficient to show [1, p. 9] that for each x 0 ∈ [0, 1] there exist sequences x n ↑ x 0 , y n ↓ x 0 , n = 1, 2, . . . such that lim n→∞ g (x n ) = lim n→∞ g(y n ) = g (x 0 ) .
We utilize the following fact: if P λ ⊂ c P λ 0 , and an interval (a, b) is a contiguous interval of P λ 0 associated with the function f λ 0 , then λ < λ 0 implies a / ∈ P λ , b / ∈ P λ , and by definition of g, we get g(a) = f λ 0 (a), g(b) = f λ 0 (b). If x 0 ∈ E, then there exists λ 0 ≥ 1 such that the point x 0 ∈ P λ for each λ > λ 0 and x 0 / ∈ P λ for each λ < λ 0 . Since
